The enumeration of the regions formed when circle is divided by secants drawn from points on the circle is one of the examples where the inductive reasoning fails as was pointed out by Leo Moser in the Mathematical Miscellany in 1949. The formula that gives the right number of regions can be deduced by combinatorics reasoning using the Euler's planar graph formula, etc. My contribution in the present work is to reformulate and solve such problem in terms of a fourth order difference equation and to obtain the formula proposed by Leo Moser.
I. INTRODUCTION
A problem sometimes known as Moser's circle problem asks to determine the number of pieces into which a circle is divided if m points on its circumference are joined by chords with no three internally concurrent. The number of regions formed inside the circle when it is divided by the chords as mentioned, can be sketched for the fisrt 5 steps in the following figure: If we label the regions formed by this division by secants, the sequence of the number of regions generated in terms of number of points till this point is 1, 2, 4, 8, 16 . If the number of points is denoted by m and we try to guess the functional behavior of the sequence the induction tell us that it is 2 m−1 . By following this procedure if we add one more point and draw the corresponding secants we get 31 regions instead of 32. Let me tabulate this behavior for the seven first points in the following [4] pointed that the inductive method for guessing the next element in a numerical sequence can fail. In fact the title of the section in [4] was On the danger of induction. He leaves to the reader as an exercise, to show that the number of regions formed by joining points on a circle by chords is f (m) = 
This can be proven in many different forms. In the following sections I will describe how it was demonstrated in [3] using combinatorial arguments, in [2] by using the Euler's planar graphs formula, and finally how it can be proven by using a fourth degree difference equation.
II. DEDUCTION USING A COMBINATORIAL ARGUMENTATION
In this section we will describe a proof of the Moser's formula based on the article [3] (see also [2] ). In order to find the actual formula on the number of regions formed, the author of [2] states the following Result: The number of regions formed is
From the combinatorics it is known that r s = r! s!(r−s)! and if we apply that to 2 we obtain the Moser's formula
The proof of 3 given in [2] uses the fact that the binomial coeficient r s counts the ways we can choose s elements from a set of r different elements.
In order to formalize the demonstration, I will start by some basic lemas that can be used for the proof.
Lemma 1. The total number of chords that can be created from the m points on the circle is
Proof. If we have m points each chord is formed by taking two points of the m lying on the perimeter of the circle. In other words the number of chords is determined by the number of ways in which the m points on the circle can be taken to form a chord. Then the total number of posible chords equals the total number of different ways in which m points can be taken in groups of 2 what is equal to Proof. Let me start by counting the regions formed by taking each chord one by one. Each time a new chord is drawn, it crosses a number of regions dividing them into two. The number of new created regions is equal to the number of regions crossed by the new chord, which is one more than the number of chords crossed. Given that the new chord cannot pass through a previously drawn point of intersection, then the number of chords crossed is equal to the number of interior points of intersection of the new chord. As consequence, the number of new regions created by this new chord equals the number of interior points of intersection of this chord plus one. Because of that, taking into accont lemma 1 and lemma 2 the total number of new regions created by drawing all the chords is equal to the number of added chords plus the number of interior points of intersection as well as the fact that at the begining we have one region, the total number of regions formed is
III. DEDUCTION USING THE PLANAR GRAPH EULER'S FORMULA I found in [2] an elegant proof based on the famous planar graph Euler's formula that I will develop in this section. Let me start with the statement of the Euler's result Theorem 2. Let V the number of vertices, E the number of edges and F the number of faces of a planar graph.
In order to use the planar graphs Euler's for deducing the Leo Moser's formula the author of [2] relate the set V with the orginal points on the circle as well as with the interior intersection points, the set E with the chords and arc's formed by the points on the circle and the set F with the formed regions. We can formalize this method as follows 
vertices. In order to count the total number of edges it must be noticed that we have m circular arcs. Given that we have 
The number of faces is related with the number of regions f (m) as follows
From the 2 we know that
Replacing 9,10,11 in 12 we get
Simplifying 13 we get
From 14 we express f (m) in terms of the other elements of the expression as follows
and in that way we have finally mathematically proven the Moser's formula.
IV. MY DEDUCTION OF THE LEO MOSER'S FORMULA BY SOLVING A DIFFERENCE EQUATION
An alternative method that I propose for solving the Moser's circle division by chords is by obtaining a recurrence from the numerical sequence of the number of regions formed and then solve the related difference equation. For this end we have to obtain a recurrence relation to be solved. This recurrence relation can be obtained from the succesion of regions, using the technique of successive differences frequently applied in problems of inductive reasoning on numerical sequences. Applying the successive differences technique on the sequence {a 0 , a 1 , a 2 , a 3 , a 4 , a 5 } of six elements to obtain the seventh element a 6 . Let me state this first result as a lemma.
Lemma 3. The elements of the sequence 1, 2, 4, 8, 16, 31, 57, . . . that represent the growth behavior on the number of regions formed by dividing the circle by chords can be generated by a fourth degree recurrence relation Proof. We start by applying the successive differences method for guessing the next element in the sequence on the first six elements of such numerical sequence.
From the calculations it can be noticed that we stop the successive differences procedure when the differences become constant. Then if we sum the last element of each row plus the last element on the original sequence of numbers we can obtain the next element on the sequence. So in the example, from the summation 1 + 3 + 7 + 15 + 31 we obtain 57 that correspond to the next value on the sequence. From the successive differences table we obtain the following recurrence relation
The expression 16 is the desired fourth degree recurrence relationship.
Simplifying and reordering the terms of the equation 16 we get the next expression a n+4 − 4a n+3 + 6a n+2 − 4a n+1 + a n = 1
adding the inicial conditions to 17 we get the following difference equation
Once we have obtained the difference equation 18 we can solve it by many existing methods [1] , [5] . The purpose of solving 18 is to releat it with the deduction of the Leo Moser's formula of the number of regions formed by the division of the circle by chords. In what follows I will do it in two different ways To formalize these results I will state them as the following theorems. Proof. From 3 we have 18. The application of equation 18 for different values of n gives the following results (n = 0) a 4 − 4a 3 + 6a 2 − 4a 1 + a 0 = 1 (n = 1) a 5 − 4a 4 + 6a 3 − 4a 2 + a 1 = 1 (n = 2) a 6 − 4a 5 + 6a 4 − 4a 3 + a 2 = 1 (n = 3) a 7 − 4a 6 + 6a 5 − 4a 4 + a 3 = 1 . . . . . .
If we multiply 20 by x 0 the first row, the second row by x 1 , the third row by x 2 , the fourth row by x 3 and so on we get
Summing up the rows of 21 we obtain
Trying to equate the subindex of the coeficientes and the powers of the variables we rewrite 22 as
The generating function is defined as
Before trying to put equation 23 in terms of 24 it should be noticed that the righthand side of equation 22 is the generating function of the geometrical series whose corresponding succesion is 1, 1, 1, 1 
It can be noticed that by this operation the righthand side of 25 correspond to a right shift of the corresponding succession what gives as result the cancelation of the four first places of this succession and the result is the succession 0, 0, 0, 0, 1, 1, 1, 1, . . .. Rewriting 25 in terms of the generating function 24 we get
Replacing the a 0 = 1, a 1 = 2 and a 2 = 4, a 3 = 8 26 we get
By algebraic simplification and factorization of 27 we obtain
From 28 we can obtain f (x)
By partial fraction decomposition [1] [5] we have that
Substituing 30,31 and 32 in 29 we get
From the generating functions theory it is known that [1] [5]
Taking into account 34 and using it in the equation 33 we can calculate the n-th coeficient of each term and obtain
We calculate the polynomials in n from the terms of equation 35
Replacing 36,37,38,39 and 40 in equation 35 and simplifying we obtain
Recalling that the number of regions m formed in the circle is related with n by n = m − 1 as well as the fact that for setting the recurrence we have introduced a right shift of four places in 25 we replace n by m − 1 in 41 and add 3 to this new expression for the recuperation of the terms that we have missed because of this right shift in the succession we get
That is the desired result. 
where the superscript g means general, p means particular and h means homogeneous solutions respectively. The form of the linear non-homogeneus is
where f (n) = 1. Then our non homogeneus equation with the corresponding four initial conditions will be
Let me start with the particular solution. As will be shown later, when the homogeneous solution is obtained, the characteristic polynomial have as root r = 1 with multiplicity four. It means that, in order to have the corresponding four linearly independent solutions for the homogeneous associateed equations we will have a polynomial function of third degree as solution [1] . In order to have a particular solution beeing linearly independent from the associated homogeneus solution, the form of the particular solution will be a Then the roots of 55 are r = 1 with multiplicity of four. In order to have four linearly independent homogeneous solutions the homogeneous solution will have the next form
Where C1, C2, C3 and C4 are constants that can be determined by the application of the initial conditions a0 = 1, a1 = 2, a3 = 4 and a4 = 8. From 44 we know that a 
